For Joe Thas on the occasion of his ftieth birthday
variation that has been proposed is \1 2 jCj elements C 2 C. In particular, there are more than 0:4jCj such elements if q > 2.
While this does not look at all like a geometric theorem, the proof is entirely geometric. The same type of result holds when d = 2 or 3 (and is easy), as well as for all the classical groups. The proof by W. M. Kantor 7] for the latter groups is still reasonably geometric, but is harder than the situation of the Theorem.
Let V be the vector space underlying PG(d?1; q). The following is a simple observation concerning the set Fix be any hyperplane containing Fix(g). Dually, the intersection of the set of xed hyperplanes is nonzero, is xed by g, and hence contains a nonzero point z xed by g.
(ii) This time Fix(g) is the union of eigenspaces ofĝ whose corresponding eigenvalues are in GF(q). The span of these eigenspaces is their direct sum. Hence, let B be any such (nonzero) eigenspace of smallest dimension, and let A be a complement to B containing all remaining eigenspaces; if there are no such nonzero eigenspaces then there are no xed points, and B can be chosen to be an arbitrary point.
Let C be a cyclic subgroup of PSL ( Proof. Since C is transitive on both the points and hyperplanes of V=x, J is transitive on the set of those hyperplanes not disjoint from : = x J , and also on the set of those lines not disjoint from . In particular, all hyperplanes not disjoint from meet in the same number of points; and the same is true for the lines not disjoint from . Since J moves the only point xed by C, j j > 1.
It follows that is either the complement of a hyperplane or consists of all points (this simple result uses the fact that d 4, and is proved on the bottom of p. 68 of W. M. Kantor 4] ). Since J moves the only hyperplane xed by C, must consist of all points.
Thus, J is transitive on the set of points of PG(d ? 1; q), and hence also on the set of incident point-line pairs. By a result of W. M. Kantor 5] , J is 2-transitive on points. Now a theorem of P. J. Cameron and W. M. Kantor 2] implies that J = PSL(d; q).
The case PSL(4; 2) = A 8 of the Theorem will be left to the reader, and hence is excluded here. Remark. If q is xed and d ! 1, and if g is always chosen to be a perspectivity in (i) or (ii), then the desired probability ! (1 ? 1=q) 2 .
